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Exercise 2.5.5

Solve Laplace’s equation inside the quarter-circle of radius 1 (0 < 0 < 7/2, 0 <r < 1) subject to

the boundary conditions [Hint: In polar coordinates,

2
v2u:18<8u>+18u:0’

rar "or ) T om
it is known that if u(r,0) = ¢(0)G(r), then &4 (r9¢) = —L42 ).
@  eo=0  w(nI)=0  u(10)=70)
(b) %%nmza f%(ng)zu u(1,0) = £(6)
(c) u(r,0) =0, u(r3) =0, %ﬁLm:fw)
(d) g%n®:07 %g@%):m %ﬂLm:gw>

Show that the solution [part (d)] exists only if foﬁ/ 2 g(#) df = 0. Explain this condition physically.

Solution

Because the Laplace equation and all but one of its associated boundary conditions are linear and
homogeneous, the method of separation of variables can be applied to solve it. Assume a product

solution of the form u(r,8) = R(r)©(#) and plug it into the PDE.

10 (0u) 10
ror T@r r2 062

10 0 1 02
00) d ( dRY  R()FO
r dr rdr r2 de2

Multiply both sides by r2/[R(r)©(6)] in order to separate variables.

r d(drR\ 1 &6
R(r)dr \ dr o(0) diz
rod(drR\_ 1 d’©
Rrydr \"dr )~ ©(0) db?

The only way a function of r can be equal to a function of 8 is if both are equal to a constant .

_r d(drR\___1 &6
Rirydr \"dr )~ —©(0) a2 ~
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As a result of separating variables, the PDE has reduced to two ODEs—one in each independent

variable.
rd(dR\
Rar \"dar )~

1 d?©
0 di?
Values of A\ for which nontrivial solutions to these ODEs and the associated boundary conditions
exist are called eigenvalues, and the solutions themselves are called eigenfunctions. Note that it
doesn’t matter whether the minus sign is grouped with r or 6 as long as all eigenvalues are taken
into account.

=A

Part (a)

Substitute the product solution u(r, ) = R(r)©(#) into the homogeneous boundary conditions.

ou [ 1oy —
g0 =0 — R(r)e'(0)=0  — &) =0

u (7“, g) =0 — R(r)© (g) =0 — ) (g) =0

Solve the ODE for ©.

d*e
— =-)\0O
dp?
Check to see whether there are positive eigenvalues: A = 2.
d’e 9
dgr = O

The general solution can be written in terms of sine and cosine.
©(0) = C cos b + Co sin b
Differentiate it with respect to 6.
©'(0) = p(—Cy sin ub + Co cos b))
Apply the boundary conditions to determine Cy and Cs.
0'(0) = u(C2) =0
e (g) =C cosug + Cy sin,ug =

This first equation gives Cy = 0, which makes the second equation reduce to C cos uz = 0. To
avoid the trivial solution, we insist that C; # 0.

0

T
S
cos pi
1
“gzi(%_l)”’ n=1,2,...
w=2n-—1

There are positive eigenvalues A = (2n — 1)?, and the eigenfunctions associated with them are

O(f) =Crcospd —  ©,(0) = cos[(2n — 1)0].
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Using A = (2n — 1), solve the ODE for R now.

rd [ dR )

Expand the left side.
r

R
Multiply both sides by R and bring all terms to the left side.

(R +rR") = (2n - 1)°

PR"+rR —(2n—1)2R=0

This is an equidimensional ODE, so it has solutions of the form R(r) = r™.

R=r" — R=m™1' = R'=m@m-1)rm"?
Substitute these formulas into the ODE and solve the resulting equation for m.
T2m(m — 1)7"7"_2 + rmrm ! — (2n — 1)27‘m =0
m(m — 1)r™ +mr™ — (2n — 1)*r™ =0
mim—1)+m—(2n—1)*>=0
m?—(2n—1)> =0
[m + (20 — D]fm — (2n — 1] = 0
m={—2n-1),2n—1}

Two solutions to the ODE are R = r—("=1) and R = r2"~!. By the principle of superposition, the
general solution for R is a linear combination of these two.

R(r) = Ap~(@n=1) 4 gp2n-1
Now check to see if zero is an eigenvalue.

o _

db? 0

The general solution is a straight line.
0(0) = C30 + Cy

Apply the two boundary conditions to determine C3 and Cjy.

0'(0) = C5 = 0
T 7T
o(5) e e

This first equation makes the second equation reduce to Cy = 0.

0(0)=0
The trivial solution is obtained, so zero is not an eigenvalue. Check to see if there are negative
eigenvalues: A = —v2.
d*e o
dp?
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The general solution can be written in terms of hyperbolic sine and hyperbolic cosine.
©(0) = C5 cosh 0 + Cg sinh 0
Differentiate it with respect to 6.
©'(0) = v(C5 sinh v8 + Cg cosh v0)
Apply the two boundary conditions to determine C5 and Cg.

©/(0) = (C) = 0

T T . T
© (5) = (% Cosh’y§ + Cs smh7§ =

This first equation gives Cg = 0, which makes the second equation reduce to C5coshy5 = 0. No
value of v can satisfy this equation, so C5 = 0.

0(0) =0

The trivial solution is obtained, so there are no negative eigenvalues. According to the principle
of superposition, the general solution to the PDE is a linear combination of the eigenfunctions
over all the eigenvalues.

Z [A == 4 B2 cos[(2n — 1)0)

n=1

For the solution to remain finite as » — 0, set A,, = 0.

Z B,r*" ! cos[(2n — 1)6)

Use the boundary condition at » = 1 to determine the remaining constants B,,.
0) = i By, cos[(2n — 1)0] = f(0)
n=1
Multiply both sides by cos[(2p — 1)6], where p is an integer.
io: By, cos[(2n — 1)0] cos[(2p — 1)0] = f(0) cos[(2p — 1)0]
Integrate both sides with respect to 6 from 0 to /2.

w/2 X /2
/0 Z By, cos[(2n — 1)0] cos[(2p — 1)0] df = /0 f(0) cos[(2p — 1)0] db

n=1

Bring the constants in front of the integral.
Z B, / cos[(2n — 1)6] cos[(2p — 1)0] df = / f(0) cos[(2p — 1)0] db
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Because the cosine functions are orthogonal, this integral on the left is zero if n # p. Only if
n = p does the integral yield a nonzero result.

w/2 ) B B w/2 B
Bn/o cos“[(2n — 1)0] d@—/o f(0) cos[(2n — 1)0] db

B (%) = /0 "2 £(0) cosl(2n — 1)) 0

Therefore,

4 [m/2
B, = 77/0 f(0) cos[(2n — 1)6] db.
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Part (b)

Substitute the product solution u(r, ) = R(r)©(#) into the homogeneous boundary conditions.

0
Sr0=0 = RMO'(0)=0 - o'(0) = 0
ou ™ P P
Solve the ODE for ©. 26
aE =
Check to see whether there are positive eigenvalues: A = 2.
d*e 9
aE =0

The general solution can be written in terms of sine and cosine.
©(0) = C cos b + Co sin b
Differentiate it with respect to 6.
O'(0) = u(—C1 sin b + Co cos pb)
Apply the boundary conditions to determine C and Cos.
©'(0) = u(C2) =0
o (g) = U (—01 sin ,ug + Cy cos ,u%) =0

This first equation gives Cy = 0, which makes the second equation reduce to —Chusinug = 0. To
avoid the trivial solution, we insist that C7 # 0.

— =0
smu2
ug—nﬂ, n=1,2,
w=2n

There are positive eigenvalues A = (2n)?, and the eigenfunctions associated with them are
O(f) =Cicospd —  Op(0) = cos2nb.

Using A = 4n?, solve the ODE for R now.
r d dR
el ) — 4n?
Rdr (T dr ) "

r
R
Multiply both sides by R and bring all terms to the left side.

Expand the left side.
(R +7rR") = 4n?

r’R" +rR —4n’R =0
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m

This is an equidimensional ODE, so it has solutions of the form R(r) =r
R=r" — R=mr!' = R'=m(m-1)r"?2
Substitute these formulas into the ODE and solve the resulting equation for m

r?m(m — 1)r™ "2 4 rmr™t —4n?rm =0

m(m — 1)r™ + mr™ — 4n*r™ =0
m(m — 1) +m —4n? = 0
m? —4n? =0
(m+2n)(m—2n) =0
m = {—2n,2n}
Two solutions to the ODE are R = r—2" and R = r?". By the principle of superposition, the

general solution for R is a linear combination of these two.
R(r) = Ar=2" 4 By

Now check to see if zero is an eigenvalue.

d*e
— =0
dn?
The general solution is a straight line.
0(0) = C30 + Cy
Apply the two boundary conditions to determine C3 and Cy.
0'(0)=C5=0
/ E = =
o' (5)=Ca=0
Cy4 remains arbitrary.
0(0) = Cy
The trivial solution is not obtained, so zero is an eigenvalue. Using A = 0, solve the ODE for R
now.
rd(dr\ _
Rdr dr )
Multiply both sides by R/r.
d( AR\ _,
dr \' dr )
Integrate both sides with respect to r.
r@ =D
dar !
Divide both sides by 7.
dR _Di
dr 7
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Integrate both sides with respect to r once more.

R(r) = Dilnr+ Dy

Check to see if there are negative eigenvalues: A\ = —v2.
d’*e 9
az =70

The general solution can be written in terms of hyperbolic sine and hyperbolic cosine.
O(0) = C5 coshv0 + Cg sinh v6
Differentiate it with respect to 6.
©'(0) = v(Cs sinh v0 + Cg cosh v0)
Apply the two boundary conditions to determine C5 and Cj.
©'(0) =7(Cs) =0

o' (g) =7 (05 sinh'yg + Cs cosh’yg) =0

This first equation gives Cg = 0, which makes the second equation reduce to C5ysinhvy5 = 0. No
nonzero value of v can satisfy this equation, so C5 = 0.

0() =0

The trivial solution is obtained, so there are no negative eigenvalues. According to the principle
of superposition, the general solution to the PDE is a linear combination of the eigenfunctions
over all the eigenvalues.

u(r,0) = (Aglnr + By) + Z(An'r—% + B,r?™) cos 2nf

n=1

For the solution to remain finite as r — 0, set Ag =0 and A, = 0.

u(r,0) = By + Z B,r?" cos 2n6

n=1

Use the boundary condition at r = 1 to determine the remaining constants, By and B,,.

u(1,6) = By + i By, cos2nf = f(6) (1)

n=1

To find By, integrate both sides with respect to 6 from 0 to 7/2.

w/2 o0 /2
/ By+ Y Bncos2nf | df = / f(6)deo
0 ot 0
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Split up the integral on the left side and bring the constants in front.

/2 oo /2 /2
By / 9+ B, / cos 2nf df = / f(6)do
0 o 0 0

=7/2 =0

Bo (g) - /OW/2 7(0)do

Therefore,

w/2
By = 72;/0 £(6) db.

To get B, multiply both sides of equation (1) by cos2pf, where p is an integer.

By cos 2p + Z By, cos 2n6 cos 2pf = f(0) cos 2pb

n=1
Integrate both sides with respect to 6 from 0 to /2.
/2 o w/2
/ By cos 2pf + Z B,, cos 2nf cos 2p0 | df = / £(0) cos 2pf db
0 —1 0
Split up the integral and bring the constants in front.
/2 o0 /2 w/2
By / cos 2p0 df + Z B, / cos 2nf cos 2pf df = / f(0) cos 2ph db
0 ot 0 0
=0

Because the cosine functions are orthogonal, this second integral on the left is zero if n # p. Only
if n = p does the integral yield a nonzero result.

w/2 /2
B, / cos? 2n0 df = / f(0) cos 2n db
0 0

B, (%) - /mf(e) cos 2n6 df
0

Therefore,

4 /2
B, = / f(0) cos2né df.
T Jo
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Part (c)

Substitute the product solution u(r, ) = R(r)©(#) into the homogeneous boundary conditions.

u(r,0) =0 — R(r)©(0)=0 — 0(0)=0
m T
U (r, 5) =0 — R(r)© <§) = — ] <§> =

Solve the ODE for ©. 26
e - e

Check to see whether there are positive eigenvalues: A = 2.
d’*e 9
a =0

The general solution can be written in terms of sine and cosine.
O(0) = Cy cos pb + Cy sin pb

Apply the boundary conditions to determine C and Cos.

00)=0C,=0
i 7r .m
6(§> :Clcos,u§+Cgsm,u§ =0

This first equation makes the second equation reduce to Casin pg = 0. To avoid the trivial
solution, we insist that Ca # 0.

7r
mnu® =0
sinp
7r
- = =12,...
/‘62 nm, n )<y
w=2n

There are positive eigenvalues A = (2n)?2, and the eigenfunctions associated with them are
O(0) = Casinpd —  0,(0) =sin2nb.

Using A = 4n?, solve the ODE for R now.
rd [ dR 2
Radr <Tdr) = dn

r
R
Multiply both sides by R and bring all terms to the left side.

Expand the left side.
(R +rR") = 4n?

r’R" +rR —4n’R =0
m

This is an equidimensional ODE, so it has solutions of the form R(r) = r™.

R=r" — R=m™"1' = R'=m@m-1)rm"?
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Substitute these formulas into the ODE and solve the resulting equation for m.

r2m(m — D)r™ 2 4 rmr™ 1 — 4n?r™ = 0

m(m — 1)r™ + mr™ — 4n*r™ =0
m(m — 1) +m —4n? = 0
m? —4n* =0
(m+2n)(m—2n) =0
m = {—2n,2n}

Two solutions to the ODE are R = r—2" and R = r?". By the principle of superposition, the
general solution for R is a linear combination of these two.

R(r) = Ar—2" 4 Br?n
Now check to see if zero is an eigenvalue.

d?e

a2 =Y

The general solution is a straight line.
O(0) = Cs0 + Cy

Apply the two boundary conditions to determine Cs and Cy.

0(0)=Cy=0
™ T
0(3)=Cog+Ci=0

This first equation makes the second equation reduce to C35 = 0, which makes C3 = 0.
O(0) =0

The trivial solution is obtained, so zero is not an eigenvalue. Check to see if there are negative
eigenvalues: A = —v2.
d*e
dp?

The general solution can be written in terms of hyperbolic sine and hyperbolic cosine.

O(0) = C5 coshv0 + Cg sinh v6
Apply the two boundary conditions to determine C5 and C.

00)=0C5=0
s 7r ) T
S} (§> =5 cosh'y§ + Cg smh’y§ =0

This first equation makes the second equation reduce to Cgsinhy5 = 0. No nonzero value of ~y
can satisfy this equation, so Cg = 0.

0(0) =0
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The trivial solution is obtained, so there are no negative eigenvalues. According to the principle
of superposition, the general solution to the PDE is a linear combination of the eigenfunctions

over all the eigenvalues.
oo

u(r,0) = Z(Anr_% + B,r*™) sin 2nf
n=1

For the solution to remain finite as r — 0, set A,, = 0.

u(r,0) = Z B,r*" sin 2nf

n=1

Differentiate it with respect to r.
du _ < 2n—1
5 = E 2nB,r sin 2n6
,
n=1

Use the boundary condition at r = 1 to determine the remaining constants B,,.

ou

5(179) = ; 2n By, sin2nf = f(0)

Multiply both sides by sin 2pf, where p is an integer.
(o)
> " 2nB, sin2n0sin2pf = f(6) sin 2p0
n=1

Integrate both sides with respect to 6 from 0 to 7 /2.

w/2 X w/2
> " 2nB,, sin 2nf sin 2p6 d6 = / £(6) sin 2pf db
[ — 0

Bring the constants in front of the integral.

x us
> 208, [
n=1 0

Because the sine functions are orthogonal, this integral on the left is zero if n # p. Only if n =p
does the integral yield a nonzero result.

/2 w/2
sin 2n sin 2p0 df = / f(0) sin 2pf db
0

w/2 w/2
2nB, / sin? 2n df = / £(0) sin 2n6 df
0 0

/2
T .
2nB,, (Z> :/0 f(0)sin2n6 df

Therefore,

9 /2
B, = — f(0)sin2n6 df.

nm Jjo

www.stemjock.com



Haberman Applied PDEs 5e: Section 2.5 - Exercise 2.5.5 Page 13 of 18

Part (d)

Substitute the product solution u(r, ) = R(r)©(#) into the homogeneous boundary conditions.

0
Sr0=0 = RMO'(0)=0 - o'(0) = 0
ou ™ P P
Solve the ODE for ©. 26
aE =
Check to see whether there are positive eigenvalues: A = 2.
d*e 9
aE =0

The general solution can be written in terms of sine and cosine.
©(0) = C cos b + Co sin b
Differentiate it with respect to 6.
O'(0) = u(—C1 sin b + Co cos pb)
Apply the boundary conditions to determine C and Cos.
©'(0) = u(C2) =0
o (g) = U (—01 sin ,ug + Cy cos ,u%) =0

This first equation gives Cy = 0, which makes the second equation reduce to —Chusinug = 0. To
avoid the trivial solution, we insist that C7 # 0.

— =0
smu2
ug—nﬂ, n=1,2,
w=2n

There are positive eigenvalues A = (2n)?, and the eigenfunctions associated with them are
O(f) =Cicospd —  Op(0) = cos2nb.

Using A = 4n?, solve the ODE for R now.
r d dR
el ) — 4n?
Rdr (T dr ) "

r
R
Multiply both sides by R and bring all terms to the left side.

Expand the left side.
(R +7rR") = 4n?

r’R" +rR —4n’R =0
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m

This is an equidimensional ODE, so it has solutions of the form R(r) =r
R=r" — R=mr!' = R'=m(m-1)r"?2
Substitute these formulas into the ODE and solve the resulting equation for m

r?m(m — 1)r™ "2 4 rmr™t —4n?rm =0

m(m — 1)r™ + mr™ — 4n*r™ =0
m(m — 1) +m —4n? = 0
m? —4n? =0
(m+2n)(m—2n) =0
m = {—2n,2n}
Two solutions to the ODE are R = r—2" and R = r?". By the principle of superposition, the

general solution for R is a linear combination of these two.
R(r) = Ar=2" 4 By

Now check to see if zero is an eigenvalue.

d*e
— =0
dn?
The general solution is a straight line.
0(0) = C30 + Cy
Apply the two boundary conditions to determine C3 and Cy.
0'(0)=C5=0
/ E = =
o' (5)=Ca=0
Cy4 remains arbitrary.
0(0) = Cy
The trivial solution is not obtained, so zero is an eigenvalue. Using A = 0, solve the ODE for R
now.
rd(dr\ _
Rdr dr )
Multiply both sides by R/r.
d( AR\ _,
dr \' dr )
Integrate both sides with respect to r.
r@ =D
dar !
Divide both sides by 7.
dR _Di
dr 7
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Integrate both sides with respect to r once more.

R(r) = Dylnr+ Dy

Check to see if there are negative eigenvalues: A\ = —v2.
d’*e 9
a2 =70

The general solution can be written in terms of hyperbolic sine and hyperbolic cosine.
O(0) = C5 coshv0 + Cg sinh v6
Differentiate it with respect to 6.
©'(0) = v(Cs sinhv0 + Cg cosh v0)
Apply the two boundary conditions to determine C5 and Cg.
©'(0) =(Cs) =0

o (g) =7 (05 sinh'yg + Cs COSh’}/g) =0

This first equation gives Cg = 0, which makes the second equation reduce to C5ysinhvy5 = 0. No
nonzero value of v can satisfy this equation, so C5 = 0.

0() =0

The trivial solution is obtained, so there are no negative eigenvalues. According to the principle
of superposition, the general solution to the PDE is a linear combination of the eigenfunctions
over all the eigenvalues.

u(r,0) = (Aglnr + Bo) + Y (Anr™ 2" + B,r?™) cos 2nf
=1

n

For the solution to remain finite as r — 0, set Ag =0 and A, = 0.

u(r,0) = By + Z B,r?" cos 2n6

n=1

Differentiate it with respect to r.
ou = 2n—1
e = E 2nB,r cos 2nd
r
n=1

Use the boundary condition at r = 1 to determine B,.

ou

E(l’ 0) = Z 2nB,, cos 2nf = g(0)

n=1

Multiply both sides by cos 2pf, where p is an integer.

Z 2n By, cos 2nf cos 2pf = g(0) cos 2pb

n=1
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Integrate both sides with respect to 6 from 0 to 7 /2.

w/2 w/2
/ Z 2n B, cos 2nf cos 2pf db = / g(0) cos 2pb db
0 0

n=1

Bring the constants in front.
0 w/2 w/2
Z 2nB, / cos 2nf cos 2pf df = / g(0) cos 2pb do
n=1 0 0

Because the cosine functions are orthogonal, this integral on the left is zero if n # p. Only if
n = p does the integral yield a nonzero result.

w/2 w/2
2nB, / cos? 2nf df = / g(0) cos 2nb do
0 0

/2
T
2nB, <Z) :/0 g(0) cos 2nb d

Therefore,

9 w/2
B, =— g(0) cos2nb db.

nm Jo

Understand that g(#) is not an arbitrary function. There is a solvability condition that g must
satisfy for there to be a solution to the PDE.

Viu=0
Integrate both sides over the quarter-circle (0 <0 <7 /2,0 <r <1).

,},

A

Ju T ar
)
a6 2 A4

This domain in the xy-plane is illustrated above.

//szudA://AOdA
//AV-VudA:O

The right side is zero.
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Apply the two-dimensional divergence theorem to turn this double integral into a
counterclockwise closed loop integral around the quarter-circle’s boundary.

%Vu-ﬁds—o
S

Here 11 is an outward unit vector normal to the boundary, which can be split into three parts, .51,
Sy, and S3.

}?
1
AY)
S3y
- - X
0 M 1

The outward normal unit vectors to S1, Sz, and S3 are —y, ¥, and —X, respectively.

Vu-(=§)ds+ | Vu-tds+ [ Vu-(—%X)ds=0
S1 Sa S3

Evaluate the dot products.

ou ou ou
/Sl <—6y>d$+ 5267“d8+/53 <—ax>d8—0

Bring the minus signs in front.

- %ds—l— @ds— @ds:()
S By Sy 87’ Ss3 83:

Along 51, uy is evaluated at y = 0; along Sa, u, is evaluated at r = 1; and along S3, u, is

evaluated at x = 0.
—/ Gu ds—l—/ Gu ds—/ Ou
S1 Ay y=0 Sa or r=1 Ss Ox

The differential of arc length ds is always positive regardless of whether the path around the
boundary is clockwise or counterclockwise. So don’t mind the orientation when parameterizing

the integration paths.
1 2 1
0 /2 9 0
—/“ w+/‘“ w—/“ dr =0 (2)
0 9ly—o o Orf_ 0 9Tl

We know that = rcosf and y = rsinf. Solving this system of equations for r» and 6 yields

r:~/m2+y2

0 = tan"! 2
T

ds=0
=0
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Use the chain rule to write Ju/dz in terms of r and 6.

ou_oudr , uoh
dr  Orodx 000z
_87u [1 ou

(22 + 22, i
B 2(:1; +y°) 21}4—89

i ()

_Ouf w  \ _Ouf 'y
o (Va2 ry2) 00 \a?+ P

= %(COSG) — @ <sm9>

r

x = 0 corresponds to § = 7/2, so

ou B @( 9)_@ sin 6
o Lo e \ Ty

dx
Use the chain rule to write du/0dy in terms of r and 6.
ou_ oudr , 0uon
oy Ordy 000y

Ou [1 _ ou
= [2(9524‘92) 1/2‘211} + 45

10u
o=r /2 r 00

0=m/2

_Ouf_y N, ouf =
o (Va2 g2 ) 00 \ a2+ P

ou , . Ou [ cosf
= &(Sln€)+89< , >

y = 0 corresponds to 8 = 0, so

ou _ @(Sin9)+@ cos ¢ _ 10u
Y |0 | or 00\ r g—o T OOy
Consequently, equation (2) becomes
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Substitute the prescribed boundary conditions, ug(r,0) = 0 and ug(r,7/2) = 0 and u,(1,0) = g(@).
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This is the solvability condition. If u represents the steady-state temperature, then the spatial
derivatives of u (the boundary conditions) physically signify heat fluxes. Since no heat leaves the
quarter-circle along 8 = 0 and 6 = 7/2, the net heat flux entering along r = 1 better be zero or
else the temperature inside will rise or drop indefinitely. There will be no steady state if the
solvability condition is not satisfied.

Therefore,
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